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Asymptotic optimality of multiple testing and model selection procedures under sparsity

Florian Frommlet

Asymptotic optimality of a large class of multiple testing rules is investigated using the
framework of Bayesian Decision Theory. A normal scale mixture model is considered, leading to
an asymptotic framework which can be naturally motivated under the assumption of sparsity,
where the proportion of "true" alternatives converges to zero. Within this setup optimality of a
rule is proved by showing that the ratio of its Bayes risk and that of the Bayes oracle (a rule
which minimizes the Bayes risk) converges to one.

The class of fixed threshold multiple testing rules which are asymptotically optimal is fully
characterized as well as the class of optimal rules controlling the Bayesian False Discovery Rate
(BFDR). Furthermore conditions are provided under which the popular Benjamini-Hochberg and
Bonferroni procedures are asymptotically optimal. It is shown that for a wide class of sparsity
levels, the threshold of the former can be approximated very well by a non-random threshold.

Apart from multiple testing the problem of model selection for multiple regression under sparsity
is considered. Under the assumption of orthogonality and for known variances results from
multiple testing immediately translate into the regression setting, where the scale mixture model
is extended to a more general class of priors. We illustrate asymptotic optimality properties of
modified versions of the Bayesian Information Criterion (mBIC), where we specifically discuss
modifications allowing to control FDR. Finally optimality of mBIC in the case of unknown
variances is proven.



